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Equations a r e  fo rmula ted  which de te rmine  the movement  of phases  and the in tegra l  i n t e r -  
phase  m a s s  t r a n s f e r  in i so the rma l  two-phase  r e a c t o r s .  Simple models  of ex t rac t ion  
which a r e  not accompanied  by a change of the specif ic  volume of the phases  and the d i s -  
solution of gas  in the coun te rcur ren t  columns and appara tuses  with a hor izonta l  flow of 
liquid a r e  d i scussed .  Some conclusions obtained dif fer  cons iderab ly  f r o m  the t radi t ional  
ideas of the theory  of solvent  ext rac t ion .  Mass  t r a n s f e r  between the d i spers ion  (continu- 
ous) medium and the d i spe r sed  (disperse)  phase  in the p r e sence  of re la t ive  movemen t  of  
the phases  a re  cons idered  below. Such p r o c e s s e s  a r e  r e a l i z ed  in p rac t i ce  in var ious  
bubbling and a tomizing devices  (extraction or  absorpt ion coun te rcur ren t  columns,  some 
types of s c r u b b e r s ,  plate and o ther  appara tuses  with a hor izontal  flow of the continuous 
med ium,  etc . ) .  Of p r i m a r y  in t e re s t  is  the m a c r o s c o p i c  descr ip t ion  of m a s s  t r a n s f e r ;  the 
quanti t ies cha rac te r i z ing  local mixing in the r e a c t o r  and momen tum and m a s s  t r a n s f e r  
between the d i spe r s ion  medium and a single pa r t i c le  {drop or  bubble) of the d i spe r sed  
phase  a r e  a s sumed  to be known functions of the m a c r o s c o p i c  p a r a m e t e r s .  

1. Let  the re  be in a s y s t e m  J components  par t ic ipat ing  in m a s s  t r a n s f e r  and in the chemica l  r e a c -  
t ions accompanying this p r o c e s s ,  the i r  weight concentra t ions  in the d i spe r sed  and continuous phases  being 
equal, r e spec t ive ly ,  to cl j '  and c2j' (j = 1 . . . . .  J ) .  Consider ing  the ma te r i a l  ba lance  of these  components ,  
we wri te  the cor responding  equations for  cl j '  and c2j' in both phases :  
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Here  p, e ,  and w, v a r e  the volume concentra t ions  and veloci t ies  of the d i spe r sed  and continuous 
phases ;  n, ~, a a re  the countable concentrat ion,  volume,  and radius  of the drops  of the d i spe r sed  phase;  
cij s '  is  the concentra t ion on the su r face  of the drops;  Koj is the coeff icient  of m a s s  t r a n s f e r  of the j - t h  
substance f rom the continuous medium r e f e r r e d  to one drop;  ~ j '  is  the equi l ibr ium coefficient  of d i s t r i bu -  
tion of the subs tance  between phases .  The quantit ies Qlj and Q2j desc r ibe  the fo rmat ion  of the j - th  sub-  
s tance as a resu l t  of chemical  reac t ions ;  they a re  r e f e r r e d  to a unit volume of the cor responding  phase .  
The t enso r  D 1 c h a r a c t e r i z e s  the chaotic mixing of the drops, and t ensor  D2j c h a r a c t e r i z e s  such mixing and 
molecu la r  diffusion of the j - t h  subs tance  in the continuous phase .  We will consider  below clj s '  = e l i ' .  

In the genera l  case  clj s '  r clj, , so  that  it is n e c e s s a r y  to cons ider  convect ive diffusion of subs tances  
within a drop,  and so the convect ive diffusion in the medium surrounding this d r o p -  o therwise  it is i m p o s -  
s ible  to fo rmula te  the boundary conditions on the su r face  of the drop.  The la t t e r  compl ica tes  the p rob lem 
e x t r e m e l y  and, the re fo re ,  in ext rac t ion  theory  [1, 2] one usually takes  clj s '  = c l j ' ,  changing appropr ia t e ly  
the de te r  lnination of the coeff icient  K0j and ~ j ' .  Here  we will p roceed  in the s a m e  way, regard ing  ~bj,, KOj 
as  well  as Qij,  Q2j, Dt, D2j as ce r ta in  functions of all  concentra t ions ,  p ,  and other  p a r a m e t e r s .  
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We note that Eqs. (1.1) represent  a natural  general izat ion of the equations of mater ia l  balance used 
in simple calculations of extract ion and absorption apparatuses  [1, 2]. They were  formulated in [3] for  the 
quite important  regime of extracting one substance.  

Systems of equations (1.1) should be supplemented by equations of the hydromechanics  of the two- 
phase sys tem being considered.  The equations of the conservat ion of mass  of the phases are  wri t ten in the 
fo rm 

0 " C ' at (d,p) + ~ (wdlp) = - -  ~ g j  (~pj'c!j' --  st ) 

O " �9 ' ( 1 . 2 )  at (d2e) + ~ (vd~e) = ~, g j  (~p~ cz~ -- csj'), c1~ = c1~' 

Here d 1 and d 2 are  the densit ies of the mater ia l s  of the d ispersed  and continuous phases which depend 
on thei r  composi t ion.  

The equations of the conservat ion of momentum of the phases are  writ ten for simplici ty with neglect 
of viscous s t r e s s e s  in both phases.  We have [4] 

Op 

o op 
(-&- +V-~r-r ) (d sev )=- -e -y / -  r + d , e g -  F (1.3) 

where g is the accelera t ion of gravi ty  and F is the force of interact ion between the phases,  r e f e r r e d  to a 
unit volume of the mixture .  In the express ion for  F, which is assumed to be a known function of p and of 
the relat ive velocity v - w, the force  acting on the drop f rom the average  field of the p r e s s u r e  p in the con-  
tinuous medium is not taken into account. 

To close sys tem (1.1)-(1.3) we must  use the equations of state 

dz = dl (p, ct~'), d2 • d~ (p, c2/) (1.4) 

following f rom the thermodynamic  analysis  of the mate r ia l s  of the phases [1, 2]. 

Along with concentrat ions clj '  and c2]' it is convenient to consider  the concentrat ions 

cL~ = Pcli , ~] ~- ec~i (1.5) 

which are  r e f e r r e d  to a unit volume of the mixture .  

The solution of the complete sys tem of Eqs. (1.1)-(1.4) presents  considerable difficulties. However, 
in many cases  this sys tem can be simplified appreciably.  Some qualitative and quantitative conclusions 
which are  quite important  in the designing of absorption or  extraction devices of various types can be made 
from an analysis  of these simplified problems.  We will examine below the s implest  models of m a s s - t r a n s -  
fer  p rocesses  in apparatuses  with a counter-f low and direct  flow of the phases and with a horizontal  flow of 
the continuous phase.  

2. We will investigate simple extraction of a single substance in a countercur ren t  column under 
idealized m a s s - t r a n s f e r  conditions. Namely, we will consider that the t rans fe r  of the substance has p rac -  
t ically no effect on the specific volumes of the phases and m a s s - t r a n s f e r  coefficient K, so that these quanti-  
t ies are  constant  over  the height of the column. In addition, we neglect the concentrat ion dependence of the 
distr ibution coefficient and local mixing in the column. These assumptions a re  not of fundamental impor t -  
ance; they all exhibit a typical  apparatus cha rac t e r  and are  quite common in solvent extract ion theory [1,2]. 

Considering a one-dimensional  flow in a countercurrent  column, we orient the x' axis in the direction 
of movement  of the d ispersed phase and select  the origin at the place of its entrance into the column. In-  
troducing dimensionless  quantities and res t r ic t ing  ourselves  to an investigation of steady extraction, we ob- 
tain f rom (1.1) the following simple equations for  concentrat ions c 1 and c 2 f rom (1.5): 

(i . de1 dc~ 
- -  7)  "-EE- + k (~c~ - -  c~) = O, 'r' ~ + k ( , c~  - - c ~ )  = 0 

(2.1) 
x'  ~ e Kh  O ~ - - < y ~ i ,  k ~ O  x = - ~ ,  ~----G-' ~P=-G-r  k =  e~ ' 
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H e r e  h i s  the  c o l u m n  he igh t ;  v = cons t  i s  the  v e l o c i t y  of the  c o u n t e r - f l o w  of  the  d i s p e r s i o n  m e d i u m ;  
u = w - v i s  the  v e l o c i t y  of m o t i o n  of  the  d r o p s  in  the  s t a t i o n a r y  con t inuous  m e d i u m .  F r o m  (1.3) we have  
the equa t ions  f o r  u and the  g r a d i e n t  p at  p = cons t  

dp d f dp + F (p, n) 0 (2 $2) 

so tha t  u can  be  c o n s i d e r e d  a known funct ion of p and of the  p h y s i c a l  p a r a m e t e r s ;  i t  i s  c l e a r  tha t  u is  a l so  
c o n s t a n t .  The  equa t ions  of the  c o n s e r v a t i o n  of m a s s  (1.2) a r e  s a t i s f i e d  i d e n t i c a l l y  in  v i ew of the  a s s u m p -  
t ion  m a d e  c o n c e r n i n g  the c o n s t a n c y  of the  s p e c i f i c  v o l u m e  of the  p h a s e s :  

F r o m  (2.1) fo l lows  the  r e l a t i o n  

(1 - -  7 ) c l -  ~c2 = const (2.3) 

which  i s  u s e d  w i d e l y  in p r a c t i c a l  c a l c u l a t i o n s  [1, 2]. 

F o r  d e t e r m i n a c y  we wi l l  e x a m i n e  e x t r a c t i o n  f r o m  the d i s p e r s e d  p h a s e ,  when  the  b o u n d a r y  cond i t i ons  
i m p o s e d  on the so lu t ions  of s y s t e m  (2.1) have  the  f o r m  

c ~ ( 0 ) = c o = p c 0 ' ,  c 2 ( t ) = 0  

The s o l u t i o n  of  p r o b l e m  (2.1), (2.4) has  the  f o r m  

(2.4) 

yo_ ( *r e-X(1-x)) 
cl = I - *T (I ~ z)-~e-X 1 - -  I -------~ 

~o '(i - -  e:-Xa-~)), X = k .t --  (t + , )  -r 
t - -  *'r (1 - -  "r)-le -'x "~ (t - -  "~) 

(2.5) 

F r o m  the t e c h n o l o g i c a l  s t andpo in t  i t  i s  conven ien t  to c h a r a c t e r i z e  the  o p e r a t i o n  of the  c o u n t e r c u r r e n t  
r e a c t o r  by  the  v a l u e s  of the  c o e f f i c i e n t  of s a t u r a t i o n  of the  d i s p e r s i o n  m e d i u m  l o r  the  c o e f f i c i e n t  of e x -  
t r a c t i o n  of  the  s u b s t a n c e  f r o m  the  d i s p e r s e d  phase  m,  which  a r e  i n t r o d u c e d  by  m e a n s  of  the  r e l a t i o n s  [see  

(2.15)1 
l =  c2(0) = i - e  -x 

~co t --  r (1 --  ~)-le -x 
cl (t) i - -  (t + 4) r e = l ,  t 
cl (0) t --  (I + ~e -x) ~ (2.6) 

When ~ - +  0 we have  l -+ 1, m --~0, and when T -+ 1 we have  on the  c o n t r a r y  l -~  0, m - + l .  When 
k--~r i . e . ,  in the  c a s e  of  an u n l i m i t e d  i n c r e a s e  of the  c o l u m n  he igh t  h o r  c o e f f i c i e n t  K, the  v a l u e s  of l and 
m a p p r o a c h  the l i m i t s  l~o, moo, w h e r e b y  

t 
~ T ~ T 0 =  i+~p (2.7) leo = 1, moo --  , t - - ~  ' 

lo~= t - - T  ,~ ~ moo = l ,  ~ ' :>% 

We e m p h a s i z e  tha t  a t  c e r t a i n  v a l u e s  of T,  i . e . ,  f o r  c e r t a i n  r e l a t i o n s h i p s  be tw e e n  the v e l o c i t i e s  of the  
p h a s e s  in the  r e a c t o r ,  ho o r  moo i s  l e s s  than  uni ty ,  i . e . ,  c o m p l e t e  s a t u r a t i o n  o r  e x t r a c t i o n  i s  not  a c h i e v e d  
even  wi th  an u n l i m i t e d  i n c r e a s e  of the  c o l u m n  he igh t .  

Le t  us  c o n s i d e r  the  o p e r a t i n g  c h a r a c t e r i s t i c s  of a co lumn  fo r  f i xed  v a l u e s  of l o r  m ,  wh ich  a r e  d e -  
t e r m i n e d  by  p r a c t i c a l  r e q u i r e m e n t s  i m p o s e d  on the r e a l  e x t r a c t i o n  p r o c e s s .  

Thus ,  the  r e q u i r e m e n t  / = cons t  i s  c h a r a c t e r i s t i c  fo r  p r o c e s s e s  in wh ich  i t  i s  n e c e s s a r y  to a c h i e v e  
a c e r t a i n  s a t u r a t i o n  of the  d i s p e r s i o n  m e d i u m  by  the  s u b s t a n c e  be ing  e x t r a c t e d  f r o m  the  d i s p e r s e d  p h a s e .  
The o p e r a t i n g  c h a r a c t e r i s t i c s  of such  p r o c e s s e s ,  wh ich  r e p r e s e n t  the  d e p e n d e n c e  of  k on ~ and ~ fo r  g iven  
l ,  a r e  ob ta ined  e a s i l y  f r o m  the f i r s t  r e l a t i o n  (2.6). They  have  the f o r m  

k =  ~-(t--,r) In 1 - - t  
t - - ( 1  + r v t " r  - -  ~)-~ t (z = eonsO, (2 .8)  
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S i m i l a r l y ,  the  o p e r a t i n g  c h a r a c t e r i s t i c s  of  p r o c e s s e s  s a t i s f y i n g  the  r e q u i r e m e n t  m = c o n s t  a r e  o b -  
t a i n e d  f r o m  the  s e c o n d  r e l a t i o n  (2.6) 

(l --  l) In *;  - (i --  ~) m (m = const) (2.9) k ---- ~ --  (i + r ~ *r (i --  m) 

The l a t t e r  r e q u i r e m e n t  i s  n a t u r a l ,  fo r  e x a m p l e ,  in p r o c e s s e s  of p u r i f y i n g  the  d i s p e r s e d  p h a s e  of s o m e  
i m p u r i t y .  

I t  i s  e a s y  to s e e  tha t  the  q u a n t i t i e s  k f r o m  (2.8) and (2.9), wh ich  a r e  r e g a r d e d  as  func t ions  of 3/, a r e  
d e t e r m i n e d ,  r e s p e c t i v e l y ,  in  the  r e g i o n s  

o < 7 ~ ~ (l, ~p) = (t + ~pl) -~ (o < z ~ i) 

m(m+~)-~-T~(m,~)~7~i ( O ~ m ~ i )  (2.10) 

w h e r e b y ,  when 3/--+ Yl o r  y -+ Y2, the  quan t i ty  k b e c o m e s  in f in i t e .  

The  i n d i c a t e d  b e h a v i o r  of  the  o p e r a t i n g  c h a r a c t e r i s t i c s  m e a n s  s i m p l y  tha t  the  e x t r a c t i o n  p r o c e s s  
wi th  g iven  l = c o n s t  o r  m = c o n s t  can  by  no m e a n s  be a c c o m p l i s h e d  at  any va lue  of 3/ f r o m  the  i n t e r v a l  
[0, 1]. If  t h i s  va lue  l i e s  ou t s i de  the  r e g i o n s  of  (2.10), th i s  p r o c e s s  cannot  be  r e a l i z e d  in p r i n c i p l e  even  
when k -+~o .  Th i s  s a m e  c o n c l u s i o n  fo l lows  a l s o  f r o m  r e l a t i o n s  (2.7). 

TMs i s  a f u n d a m e n t a l  c o n c l u s i o n  which  in a n u m b e r  of  c a s e s  can  be  of d e c i s i v e  i m p o r t a n c e  in the  d e -  
s ign ing  of e x t r a c t i o n  and a b s o r p t i o n  c o u n t e r c u r r e n t  r e a c t o r s .  In p a r t i c u l a r ,  f r o m  h e r e  i t  fo l lows  tha t  s o m e  
s t a t e m e n t s  of the  t h e o r y  of so lven t  e x t r a c t i o n  which  a r e  t a k e n  fo r  t r u t h  as  s e l f - e v i d e n t  a r e  not  only  not  
ev iden t  but  a r e  not  t r u e  in g e n e r a l .  As  an e x a m p l e  we c a n  c i t e  the  a s s u m p t i o n  of  the  con t inuous  a t t a i n m e n t  
of an  e q u i l i b r i u m  d i s t r i b u t i o n  of the  s u b s t a n c e  b e t w e e n  p h a s e s  at  the  p l a c e  of e n t r y  of  one of the  p h a s e s  i n -  
to  a c o l u m n  of in f in i t e  he igh t ,  the  a s s u m p t i o n  of the  a s y m p t o t i c  a p p r o a c h  of  the  c o e f f i c i e n t  l and m to uni ty  
upon an i n c r e a s e  of  c o l u m n  he igh t ,  and c e r t a i n  o t h e r  s t a t e m e n t s  [1, 2]. 

A s  k-_+oo, the  quan t i t i e s  1 and m a p p r o a c h  the  l i m i t s ,  wh ich  depend  c o n s i d e r a b l y  on the r e l a t i o n s h i p s  
b e t w e e n  the p h a s e  v e l o c i t i e s  3/, d i s t r i b u t i o n  c o e f f i c i e n t  ~ ,  e t c .  A p p a r e n t l y  the  i n d i c a t e d  c i r c u m s t a n c e s  
w e r e  not  n o t i c e d  in t he  t h e o r y  [1, 2] b e c a u s e  the  i n v e s t i g a t i o n  of f u n d a m e n t a l  equa t ions  of t ype  (2.1) i s  
g e n e r a l l y  r e p l a c e d  in t h i s  t h e o r y  by e x a m i n a t i o n  of  the  f i r s t  i n t e g r a l  (2.3), and the c o n s t a n t  f i g u r i n g  in i t  is  
u s u a l l y  e x p r e s s e d  by a p r i o r i  unknown c o n c e n t r a t i o n s  of the  s u b s t a n c e s  in both  p h a s e s  at the  ou t l e t  of t h e s e  
p h a s e s  f r o m  the r e a c t o r .  

P h y s i c a l l y ,  the  a b s e n c e  of a s t e a d y  r e g i m e  l = cons t  in the  p r e s e n c e  of a s t r o n g  c o u n t e r - f l o w  (3/ > 3/1) 
i s  r e l a t e d  s i m p l y  wi th  the  c i r c u m s t a n c e  tha t  the  s u b s t a n c e  e n t e r i n g  the r e a c t o r  wi th  the  d i s p e r s e d  p h a s e  i s  
not enough fo r  p r o p e r  s a t u r a t i o n  of a too  l a r g e  amoun t  of  the  con t inuous  m e d i u m .  L i k e w i s e ,  the  a b s e n c e  of 
the r e g i m e  m = c o n s t  in the p r e s e n c e  of a weak  c o u n t e r - f l o w  m e a n s  tha t  the  s m a l l  a moun t s  of the  c o n t i n u -  
ous  m e d i u m  a r e  not  enough fo r  p r o p e r  r e m o v a l  of the  d i s p e r s e d  p h a s e .  

Le t  us  now c o n s i d e r  e x t r a c t i o n  u n d e r  d i r e c t - f l o w  cond i t i ons  to which  the  r a n g e s  y < 0 and 3/> 1 of 
the  change  of  y c o r r e s p o n d .  If  3/< 0, the  d i s p e r s e d  p h a s e  o v e r t a k e s  the  con t inuous  p h a s e  and i f  3/> 1, 
v i ce  v e r s a .  In the  f i r s t  c a s e ,  equa t ions  (2.1) a r e  v a l i d  a s  b e f o r e ,  and in the  s e c o n d  c a s e  the  equa t ions  a r e  
ob ta ined  f r o m  (2.1) a f t e r  t r a n s f o r m a t i o n  x - ~ - x .  F o r  d i r e c t  f lows  the  s e c o n d  cond i t ion  of (2.4) l o s e s  m e a n -  
ing;  we r e p l a c e  i t  by the  cond i t i on  c2(0 ) = 0. The  s o l u t i o n  of the  p r o b l e m  is  w r i t t e n  then  in a f o r m  v a l i d  bo th  
for  3/ < 0 and f o r  3/> 1 

Co 

c 1 =  (i q- ~) I'; I --  sign'r ([ T [ - -  sign Y q- $ [ T[ e-X~) (2.11) 

r  ( l - - e - ~ ' x ) , ~ = k  ( i -~xp)  I T I - - s i g n T  
c~=  (t T ~p) [ "r ] --  sign'f [7 1 ([TI --signT) 

The c o e f f i c i e n t s  of  s a t u r a t i o n  l and e x t r a c t i o n  m a r e  d e t e r m i n e d  by the p r e c e d i n g  f o r m u l a s  (2.6). We 
have  f r o m  (2.6) and (2.11) 

l = (] 71-- sign T) (l -- e-X) r e = t - -  [Tl--signT-~xP]T[e-X 
(1 + ~) I T ] - -  sign ~; ' (1 -k ~P) I ~ ] - -  sign T 

(2..12) 
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The va lues  of leo and moo c o r r e s p o n d i n g  to k-+oo a r e  obta ined  f r o m  (2.12) for  )t --~ oo. We see  that  

the m a x i m u m  poss ib l e  va lues  of loo and moo, equal  to uni ty ,  a r e  not a t t a ined  no m a t t e r  what the va lue  of y .  
(The except ions  a r e  the l i m i t  va lues  ~, -~ - 0, when leo -+ 1, and y --~ 1 + 0, when moo ~ 1, which a re  of 
l i t t l e  i n t e r e s t . )  Re la t ions  (2.12) p e r m i t  con t inu ing  the opera t ing  c h a r a c t e r i s t i c s  (2.8) and (2.9) of the ex -  
t r a c t i o n  p r o c e s s e s  c o n s t r u c t e d  in  the  r ange  0 - y -< 1 beyond the l i m i t s  of th is  r ange .  

3. As a second,  somewha t  oppos i t e , example  we wil l  c o n s i d e r  the d i s so l u t i on  (absorpt ion)  of a d i s -  
p e r s e d  gas  in  a l iquid  u n d e r  d i r e c t - f l o w  and c o u n t e r - f l o w  condi t ions  in  a v e r t i c a l  d i r e c t i o n .  In this  c a s e  
the cons tan t  dens i ty  of the gas dl wi l l  f igure  in  the equat ion in  p lace  of the c o n c e n t r a t i o n  c l ' ,  but  in  r e t u r n  
the quant i ty  p is  v a r i a b l e .  

We wi l l  a s s u m e  for  s i m p l i f i c a t i o n  that  the dens i ty  of the l iqu id  d 2 and the d i s t r i b u t i o n  coef f ic ien t  ~b ' 
do not  depend on the c o n c e n t r a t i o n  c = c2' ; then  in  p a r t i c u l a r  r 'di = c ,  = cons t .  

The two equa t ions  of the c o n s e r v a t i o n  of m a s s  (1.2) and equa t ion  of m a t e r i a l  b a l a n c e  in the l iqu id  
f r o m  (1.1) a r e  w r i t t e n  in  the f o r m  

d �9 u v 
d~ ~ -  [(w --  T) O] + k ( c ,  - -  c) = O, w = uo ' '( = .-7 

d 
d~ ~ ( ~ )  + k ( c .  - -  c) = 0 

d Kh x' 
dx : (eTc) -[- k (c. - -  c) = 0, k -- z = (3.1) 

Here  u0, P0 = 1 - ~0 is  the r e l a t i v e  ve loc i ty  and vo lume  c o n c e n t r a t i o n  of the gas bubb les  at  the p lace  
of t h e i r  e n t r y  into the c o l u m n ;  the o the r  no ta t ions  a r e  as be fo re .  The va lues  of T < 0 c o r r e s p o n d  to an 

a scend ing  d i r e c t  flow (the gas l eads  the l iquid) ,  the va lues  of 0 - y - 1 to a c oun t e r - f l ow ,  and the va lues  of 
> 1 to a de scend ing  d i r e c t  flow (the gas l ags  beh ind  the l iquid) .  

The f i r s t  two i n t e g r a l s  of s y s t e m  (3.1) can be r e p r e s e n t e d  in the f o r m  

d 1 ( w  - -  "y) p - -  d z e y  = C1, (dz - -  c ) ey  = C~ (3.2) 

where  C1, C 2 a r e  c o n s t a n t s .  

Obvious ly ,  c ~ d I << d 2 and,  t h e r e f o r e ,  f r o m  the second  r e l a t i o n  (3.2) fol lows 

Y = Yo e-l, Yo = VoUo -1 (3.3) 

Here  v 0 is  the ve loc i ty  of the l iqu id  in  the a bse nc e  of ga s .  As be fo re ,  the quan t i ty  u can  be  d e t e r -  
m i n e d  in  t e r m s  of p f r o m  Eqs .  (1.3) or  (1.2), and the unknown e can  be e x p r e s s e d  in  t e r m s  of p by m e a n s  
of the  f i r s t  i n t e g r a l  of (3.2). Subs t i tu t ing  these  e x p r e s s i o n s  and r e l a t i o n s  (3.3) into the f i r s t  equa t ions  of 
(3.1), we obta in  the equa t ion  for  the only unknown p.  

F o r  an i l l u s t r a t i o n  of the pos s ib l e  d i s so l u t i on  r e g i m e s  it  suf f ices  to c o n s i d e r  only the equa t ion  d e s c r i b -  
ing the a b s o r p t i o n  of gas f a r  f r o m  s a t u r a t i o n .  (Such d i s so l u t i on  is  r e a l i z e d ,  for  example ,  in  c a s e s  when the 
d i s so lved  gas  e n t e r s  into a r ap id ly  o c c u r r i n g  reac t ion . )  

A s s u m i n g  c << c , ,  we have the equa t ion  

d ke, 
d x  I(w --  q') Pl -k --37--1 = 0, p(0) = Po (3.4) 

The quan t i t i e s  u and K f igur ing  in  the d e t e r m i n a t i o n  of w, y ,  and k should  be e x p r e s s e d  as func t ions  
of p .  F o r  d e t e r m i n a c y  we use  h e r e  the r e l a t i o n s  ob ta ined  by Lev ich  [5] for  s m a l l  and m o d e r a t e  Reynolds  
n u m b e r s  R (up to R ~ 700-800) 

. = b do, b ' (  (0) a0/ , (3.5) . I " (P ) '  K o = . .  - g 
1 

Here  # is  the v i s c o s i t y  of the l iquid ;  D is the coeff ic ient  of d i f fus ion  of the d i s so l ve d  gas in  the l iquid ;  
f u ( P )  and f k ( P )  a r e  s o m e  c o r r e c t i o n  func t ions  which take into account  the c o n s t r a i n e d  c h a r a c t e r  of the 
flow of the bubb les  and d i f fus ion  f r o m  t h e i r  s u r f a c e .  F o r  s m a l l  R we have b = 2/~, b '  = (8/3) (Tr/3)1/2; for  l a r g e  
R, b = 1/3, b '  = (8/3)(Tr/2)1/2. We note  that  the c a l c u l a t i o n s  of c e r t a i n  o ther  au thors  (see, for  example ,  [1, 2]) 
a lso  to l ead  to f o r m u l a s  (3.5) for  s l igh t ly  d i f fe ren t  b and b ' .  
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N e g l e c t i n g  the  p r o c e s s e s  of  f r a c t i o n a t i o n  and c o a l e s c e n c e  of the  b u b b l e s ,  we can  w r i t e  the  equa t i ons  

n = p { r = const, a = a 0  (p / p0) v~ (3.6) 

w h e r e  a 0 i s  the  i n i t i a l  r a d i u s  of  the  b u b b l e s .  Then f r o m  (3.1), (3.5), and  (3.6) we ob ta in  the  r e l a t i o n s  (we 
r e s t r i c t  o u r s e l v e s  to the  c a s e  p << 1, when f u  ~ f k  ~ 1) 

( n ~ i 3  r p \5i~ r>~l 2~ = b'c, f Ddg ~1i~ nhaoSi~ (3.7) 

I n t r o d u c i n g  the  unknown ~ = p ~Pc and u s i n g  (3.7) and  r e l a t i o n  :y ~ Y0 fo l lowing  f r o m  (3.3) f o r  p << 1, 
we ob ta in  f r o m  (3.4) the  p r o b l e m  

d , ~  [~,~I~'--:- To)] -[- 2~1~ = O, ~ (0) = I (3.8) 

The  s o l u t i o n  of t h i s  p r o b l e m  is  r e p r e s e n t e d  in  the  f o r m  

( I  - -  ~5/6) _ 3To (I, - -  ~ /6 )  = ~ z  ( 3 . 9 )  

We wi l l  i n v e s t i g a t e  r e l a t i o n s  (3.8) and  (3.9) s e p a r a t e l y  f o r  v a l u e s  of Y0 in d i f f e r e n t  r a n g e s .  

A s c e n d i n g  D i r e c t  F l o w  (Yo < 0). The  quan t i t y  } (x) d e c r e a s e s  m o n o t o n i c a l l y  f r o m  one fo r  x = 0 to 
z e r o  f o r  x = x0, w h e r e  

z0 = P-~ (1 - -  3~0) > 0 (3.10) 

In  the  w o r k i n g  s e c t i o n  of  the  c o l u m n  (0 -< x ~- 1) c o m p l e t e  d i s s o l u t i o n  of  the  g a s  (In = 1) o c c u r s  i f  
x 0 < 1.  O t h e r w i s e  the  c o e f f i c i e n t  of  e x t r a c t i o n  i s  equa l  (x 0 > 1) to  

t - - m =  P (u (P) - -  v~ I ----:~(1) ~/3(t) To (3.11) 
po(uo--vo)  x=l t~To  ~ V ~ V  o 

U s i n g  (3.9) and  (3.11), we  c a n  e a s i l y  c o n s t r u c t  t he  o p e r a t i n g  c h a r a c t e r i s t i c s  of  a c o l u m n  wi th  an 
a s c e n d i n g  d i r e c t  f low.  We note  tha t  the quan t i t y  x0, which  d e t e r m i n e s  the  he igh t  a t  wh ich  the  bubb l e s  d i s -  
a p p e a r  c o m p l e t e l y ,  d e c r e a s e s  r a p i d l y  wi th  i n c r e a s e  of fl and  d e c r e a s e  of  lY0i- 

D e s c e n d i n g  D i r e c t  F l o w  (TQ > 1). The  r e l a t i o n s  c h a r a c t e r i z i n g  a b s o r p t i o n  in t h i s  f low a r e  o b t a i n e d  
f r o m  (3.8) and  (3.9) a f t e r  chang ing  the  s i g n  of  x .  R e l a t i o n  ( 3 . 1 0 ) f o r x  0 i s  r e p l a c e d  by the  r e I a t i o n  

x0 = ~-I (3~/~ _ i )  (3.12) 

but  e x p r e s s i o n  (3.11) f o r  m r e m a i n s  v a l i d  fo r  the  c a s e  be ing  c o n s i d e r e d .  We s e e  tha t  fo r  the  s a m e  I Y0I 
d i s s o l u t i o n  o c c u r s  m o r e  qu ick ly  in the  a s c e n d i n g  f low,  when the  d i s p e r s e d  gas  l e a d s  the  l i qu id .  As  fo l lows  
f r o m  the  r e s u l t s  in  Sec t i on  2, s i m p l e  e x t r a c t i o n ,  c o n v e r s e l y ,  o c c u r s  s l i g h t l y  m o r e  qu i c k ly  in the  d i r e c t  
f low in  wh ich  the  con t inuous  p h a s e  o v e r t a k e s  the  d i s p e r s e d .  

C o u n t e r - F l o w  (0 -< ~0 -< 1). A s  the  gas  d i s s o l v e s  the  s i z e  of  i t s  b u b b l e s  and t h e i r  r e l a t i v e  v e l o c i t y  u 
d e c r e a s e  unt i l  a t  s o m e  l e v e l  x = x m  th i s  v e l o c i t y  i s  c o m p a r a b l e  to the  v e l o c i t y  of  the  c o u n t e r - f l o w  of l iqu id  
v 0, i . e . ,  un t i l  " f looding"  o c c u r s .  We s e e  f r o m  (3.8) tha t  t h i s  l e v e l  is  d e t e r m i n e d  by the  cond i t i on  ~ (Xm) = 
~ m  = Y03~, i . e . ,  f r o m  (3.9) we o b t a i n  the  e x p r e s s i o n  f o r  Xm 

r * 

~,, ---- ~-~ [ ( 1 ,  T0~/,) - 3~" 0 (~ - -  To'/,)] = ~-~ (i  - -  3T0 ~- 2T2/,) (3.13) 

The  c o n d i t i o n  of  t h e  a b s e n c e  of f l ood ing  in  the  c o u n t e r c u r r e n t  c o l u m n  obxriously h a s  the  f o r m  Xm > 1. 
In th i s  c a s e  the  c o e f f i c i e n t  of e x t r a c t i o n  i s  r e p r e s e n t e d  a s  b e f o r e  in the  f o r m  (3.11). If  x m in (3.13) i s  l e s s  
than  un i ty ,  f lood ing  o c c u r s  in the  w o r k i n g  p a r t  of the  a p p a r a t u s  and i t  i s  n e c e s s a r y  to i n v e s t i g a t e  the  r e -  
t u r n  m o v e m e n t  of s m a l l  bubb l e s  beg inn ing  at  the  l e v e l  x = x m .  F o r  t h i s  p u r p o s e  i t  s u f f i c e s  to  i n t r o d u c e  a 
new c o o r d i n a t e  z = Xm - x and u s e  the  r e s u l t s  o b t a i n e d  a b o v e  f o r  the  d e s c e n d i n g  d i r e c t  f low.  I n t r o d u c i n g  
the  new unknown ~ = p~ Pro, w h e r e  Pm is  the  v o l u m e  c o n c e n t r a t i o n  of  the  r i s i n g  bubb l e s  f o r  x = x m (Pro = 
}raP0) ,  and  the  new p a r a m e t e r s  t i m ,  T in ,  which  a r e  e x p r e s s e d  in t e r m s  of  Pro,  a m  j u s t  a s  fi in  (3.7) and 
T0 in (3.3) a r e  e x p r e s s e d  by  P0, a 0, we ob ta in  f o r  ~ an equa t ion  of the  s a m e  type  as  (3.9) 

(t - -  ~v~) _ 3Tin (t - -  ~'/~) ---- - -  2 -{- ~'I~ (3 - -  ~%) -~ - -  ~.~z (3.14) 
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C o m p l e t e  d i s s o l u t i o n  of the  gas  b u b b l e s  in the  c o l u m n  wi l l  o c c u r  i f  [ c o m p a r e  wi th  (3.12)] 

zO = ~1 (3T,~ -- 1) = 2 ~  ~ xm (3.15) 

The obv ious  equa l i t y  Ym = 1 i s  u s e d  in  (3.14) and (3.15). 

The v o l u m e  c o n c e n t r a t i o n  of  gas  e m e r g i n g  f r o m  the c o l u m n  along wi th  the  l i qu id  is  po = ~ (Xm) Pm 
(if, of c o u r s e ,  z ~ > Xm). In t h i s  c a s e  we have  the  fo l lowing  equa t ion  fo r  the  c o e f f i c i e n t  of e x t r a c t i o n :  

p~ (~o - u (p~ ~o - (~,,,C~ '/ '  ~o 1 - -  m = _ ~, .~o , : ~ (pO) (3.16) 
po (u0 .  vo) t --To 

Us ing  r e l a t i o n  (3.14) and the  de f in i t ion  of po, we e a s i l y  e x p r e s s  m as  a func t ion  of  the  p a r a m e t e r s  ~0, 
u0, k, and P0 and c o n s t r u c t  f u r t h e r  the  w o r k i n g  c h a r a c t e r i s t i c s  of the  p r o c e s s .  

C o m p l e t e  d i s s o l u t i o n  of the  e n t i r e  g a s  i n t r o d u c e d  into the  c o l u m n  i s  e v i d e n t l y  a c h i e v e d  when c o n d i -  
t ion  (3.15) i s  a c h i e v e d .  If  the  t e c h n o l o g i c a l  p u r p o s e  c o n s i s t s  in m a x i m u m  a b s o r p t i o n  of  the  gas  by the 
l iqu id  in the  c o u n t e r c u r r e n t  co lumn ,  i t  i s  a d v a n t a g e o u s  to s e l e c t  d i f f e r e n t  p a r a m e t e r s  (h, P0, and o t he r s )  
such  tha t  the  fo l lowing  r e l a t i o n s  a r e  fu l f i l l ed :  

We note  tha t  the  p r e s e n c e  of  f lood ing  in the  c o l u m n  and s u b s e q u e n t  i n c r e a s e  of s m a l l  ga s  bubb l e s  by  
the  f low of  the  l iqu id  l e a d s  to  s o m e  e q u a l i z a t i o n  of the  gas  c o n s t a n t  o v e r  the  co lumn  h e i g h L  A c t u a l l y ,  the  
t o t a l  v o l u m e  c o n c e n t r a t i o n  in the  s e c t i o n s  of the  c o l u m n  in which  t h e r e  a r e  bo th  a s c e n d i n g  and d e s c e n d i n g  
b u b b l e s  i s  g iven  by  the  r e l a t i o n  

p ( x ) = p o ~ ( x ) ' - ~ p m ~ ( x r n - - x  ), O ~ x < ~ x , n ,  O ~ x , n - - x ~ z  ~ (3.17) 

In p a r t i c u l a r ,  a t  the  he igh t  of f lood ing  the  c o n c e n t r a t i o n  i s  equa l  not  to  Pm but  to  2Pro .  

I t  i s  e a s y  to s e e  tha t  the  c o n c l u s i o n s  ob ta ined  do not  change  q u a l i t a t i v e l y  a l s o  on r e j e c t i n g  the  
s i m p l i f y i n g  s u g g e s t i o n s  p<< 1, c << c . ,  e t c .  H o w e v e r ,  new s t e a d y  r e g i m e s  of a b s o r p t i o n  d i f f e r i n g  s o m e -  

wha t  q u a l i t a t i v e l y  f r o m  the r e g i m e s  c o n s i d e r e d  can  a p p e a r  n e a r  s a t u r a t i o n  (c ~ c . ) .  

4.  We wi l l  c o n s i d e r  b r i e f l y  t he  p r o c e s s e s  of s i m p l e  e x t r a c t i o n  and a b s o r p t i o n  of  gas  u n d e r  cond i t i ons  
of a h o r i z o n t a l  f low of  the  con t inuous  m e d i u m  (plate  a p p a r a t u s e s ,  a e r a t i o n  and p u r i f i c a t i o n  of i n d u s t r i a l  
w a t e r s ,  e t c . ) .  We wi l l  u s e  f u r t h e r  the  s a m e  s i m p l i f y i n g  a s s u m p t i o n s  as  in Sec t ions  2 and 3. 

The  equa t i ons  of s i m p l e  e x t r a c t i o n ,  ana logous  to  Eqs .  (2.1), have  the  f o r m  

ocl ocl + k (~c 1 - -  c~) O, oc2 _ k (~c 1 - -  c~) = 0 (4.1) �9 ' r - - ~  + - ~  = 'r --~-y 
) 

H e r e  the  y ax i s  i s  d i r e c t e d  a long the  v e l o c i t y  of the con t inuous  m e d i u m ,  and the  p a r a m e t e r s  7 ,  k, and 
~b a r e  d e t e r m i n e d  by  the  p r e v i o u s  r e l a t i o n s  (2.1) in  which  h i s  the  he igh t  of the  l a y e r  of  the  con t inuous  
m e d i u m .  We w r i t e  the  b o u n d a r y  cond i t i ons  in the  f o r m  

ci ]~==o = co, c~ ]~o = 0 (4.2) 

The equa t i ons  of  the  c h a r a c t e r i s t i c s  of s y s t e m  (4.1), wh ich  d e t e r m i n e  the  t r a j e c t o r i e s  of the  d r o p s  of 
the  d i s p e r s e d  p h a s e ,  have  the  f o r m  z = y - 9/x = c o n s t .  I t  i s  n a t u r a l  to  i n t r o d u c e  new c o o r d i n a t e s  x,  z in 
which  p r o b l e m  (4.1), (4.2) t a k e s  the  f o r m  

Ocl 
0~" + T (~ci - -  c~) = 0, cl l~=o = Co (4.3) 

o~ _ ~" (,c~ -- c~) = 0 c~ 1~=o ,= 0 
Dz 

We app ly  to (4.3) the  L a p l a c e  t r a n s f o r m  wi th  r e s p e c t  to  v a r i a b l e  z and  deno te  the t r a n s f o r m s  of f u n c -  
t ions  c 1 and c 2 in t e r m s  of ~v 1 and q~2. We ob ta in  the  p r o b l e m  

dq)l ~bT 
dx F~'(~qD~--%)=O, % = ~ ,  %]~=o=-~-  

(4.4) 
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The s o l u t i o n  of t h i s  p r o b l e m  has  the  f o r m  

co exp --*YPx ,;co - - ,~px (4.5) r = p p q_--------~, (p~ = ~ exp § p 

w h e r e  p i s  the  L a p l a c e  v a r i a b l e .  

U s i n g  the known p r o p e r t i e s  of the  L a p l a c e  t r a n s f o r m  and the  t a b l e  v a l u e s  of  the  o r i g i n a l s ,  a f t e r  
c e r t a i n  t r a n s f o r m a t i o n s  we ob ta in  f r o m  (4.5) the  r e l a t i o n s  

c x (x, z) = Coe-r [1 q- 2q" g~-~ I e-'t'I~ (2q" ]/-~-x t) dt] (4.6) 
0 

c2 (x, z) = 2Co~q'e-*~ I e-~t'I~ (2q" ]/'~-x t) tdt ,  z = y - -  Tx 
0 

The s o l u t i o n s  (4.6) of p r o b l e m  (4.3) a r e  d e t e r m i n e d ,  o b v i o u s l y ,  in the r a n g e  

O ~ x ~ t ,  z ~ O  (4.7) 

When z < 0 i t  i s  n e c e s s a r y  to t a k e  c 1 -~ c 2 --- 0 (the d i s p e r s e d  p h a s e  i s  c o m p l e t e l y  a b s e n t  in  th i s  c a s e ) .  

Of p r a c t i c a l  i n t e r e s t  a r e  the  a p p a r a t u s e s  whose  l eng th  L g r e a t l y  e x c e e d s  the  he igh t  of the  l a y e r  h. 
Se t t ing  z = L / h ,  Zr  ~ Yr ~ r ,  we ob t a in  the  fo l lowing  f o r m a l  r e l a t i o n s  f o r  the  c o e f f i c i e n t s  of s a t u r a t i o n  and 
e x t r a c t i o n  in the  r e a c t o r  of  the  t ype  be ing  c o n s i d e r e d :  

1 r 

l ~ ~ c~ (z, r) dz, m ~ 1 - -  c~ (1, z) dz 
cor 

o o 

R e l a t i o n  (4.8) can  a l so  be  u s e d  in c o n s t r u c t i n g  the  o p e r a t i n g  c h a r a c t e r i s t i c s  of  the  e x t r a c t i o n  p r o c e s s .  

A b s o r p t i o n  of gas  when O << 1, e << e ,  does  not  depend  on the  p o s i t i o n  of the  po in t  a long  the  f low of 
l iqu id ,  and  the  equa t ion  c o r r e s p o n d i n g  to  (3.8) a e q u i r e s  the  f o r m  

d ~,/~ q_ 2~'/6 = 0,  ~ 1~=0 = i (4 .9)  
dx 

Hence  we have  

= (t - -  ~x)'/, (4.10) 

If x 0 = fi-1 > O, w h e r e  fi is  de f ined  in  (3.7), then  p a r t  of the  gas  e m e r g e s  f r o m  the  l i qu id  l a y e r  wi thout  
b e i n g  d i s s o l v e d  in i t ,  and 

l - - m =  pu(p) I = ~ ' / , ( i )  (4.11) 
O0U0 x = l  

If  x 0 < 1, a l l  g a s  i n t r o d u c e d  i s  d i s s o l v e d  (m = 1), and t h e r e  i s  no gas  in the  r a n g e  x 0 _< x --_ 1. The  
t r a j e c t o r i e s  of the  bubb l e s  a r e  d e t e r m i n e d  b y  the  r e l a t i o n s  [see  (4.10)] 

d z  w ~'/* (i - -  ~x) '/~ 5~o 
dy ro r----J-= ro , . g = Y o q -  T [i  - (~':-- ~x)Vq (4.12) 

w h e r e  Y0 i s  the  c o o r d i n a t e  of  the  poin t  of e n t r y  of  the  bubble  in to  the  l iqu id  l a y e r .  

We no te  tha t  r e s u l t s  c o m p l e t e l y  a n a l o g o u s  to t h o s e  ob ta ined  above  can  be  o b t a i n e d  e a s i l y  a l s o  f o r  any 
o t h e r  t h e o r e t i c a l  o r  e m p i r i c a l  r e l a t i o n s  f o r  u and K 0 d i f f e r i n g  f r o m  (3.5). The r e l a t i o n s  p r e s e n t e d  p e r m i t  
o p t i m i z i n g  v a r i o u s  t y p e s  of r e a c t o r s  wi th  r e s p e c t  to  v a r i o u s  i n d i c e s  and s e l e c t i n g ,  for  e x a m p l e ,  the  o p t i m a l  
va lue  of y f o r  f i xed  p ,  a ,  and h, d e t e r m i n i n g  the o p t i m a l  d i s p e r s i t y  ( i .e . ,  the  quan t i ty  a) a s  a funct ion  of the  
o t h e r  p a r a m e t e r s ,  e t c .  
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